Abstract. Solution of Helmholtz equation with impedance boundary condition on finite interval is equivalently reformulated as steady state of initial boundary value problem for first order hyperbolic system of partial differential equations. Particularly interesting property of the proposed hyperbolic model is that steady state is achieved in finite time. For large wavenumber the numerically challenging task for Helmholtz equation is achieving high accuracy with small number of nodal points. We successfully solved this problem by means of using well balanced scheme approach. Numerical tests demonstrate excellent computational potential of the proposed method: high accuracy is achieved for large wavenumber with small number of nodal points in space and time.
Introduction
We consider Helmholtz equation on finite interval with impedance boundary consitions
u(x) = u R (x) + iu I (x), f (x) = f R (x) + if I (x), g 0 = g 0R + ig 0I , g 0 = g 1R + ig 1I , where i is unit imaginary number, i 2 = −1, k, g RI , g 1I are real numbers, k > 0, f R (x), f I (x) are sufficiently smooth real valued functions that ensure the functions u R (x), u I (x) are sufficiently smooth.
Main numerical challenge associated with Helmholtz equation is finding such spatial discretization that ensure that obtained linear system can be solved efficiently by iterative methods. If ∆x is discretization step and wavenumber is small then k∆x = const is a good choice for determining suitable mesh [5] . If wavenumber is large then for dealing with the so called pollution effect k γ ∆x small is needed with γ > 1 resulting in very fine mesh and very large system of linear algebraic equations [5] . Solving this linear system by iterative methods is a difficult task, see [3] for detailed exposition on the subject.
Here we propose new method that is motivated by first order system approach [6] introduced initially for diffusion equation and by well balanced schemes for hyperbolic conservation laws with source terms pioneered in [1, 4] . The strategy set by first order system approach is to solve an equivalent first-order hyperbolic system instead of the second-order diffusion equation thus achieving stable computation with time step O(∆x) that is typical for hyperbolic equations instead of time step O((∆x)
2 ) that is typical for parabolic equations. The srtategy set by the well-balanced property of numerical schemes is preservation of discrete equilibrium states that results in high accuracy with small number of nodal points. In our approach we offer suitable combination of these approaches resulting in highly efficient numerical method.
The rest of the paper is organized as follows: hyperbolic model is developed in section 2; numerical scheme is developed in section 3; it is investigated theoretically and numerically in sections 3 and 4.
Hyperbolic model
Following the strategy set by first order system approach [6] the goal is finding first order hyperbolic system of partial differential equations that at steady states is equivalent to Helmholtz equation (1) . We consider the following linear hyperbolic system
where
T is real valued vector function, A, B ∈ R 4×4 . The system (4) is equipped with initial and boundary conditions
Theorem 2.1 (Steady state equivalence). Helmholtz equation with impedance boundary conditions (1), (2) is equivalent to initial boundary value problem for hyperbolic system (4)-(12) at steady states in the following sense:
Proof. Helmholtz equation (1) equivalently writes as the following first order system of equations:
From the system (14)-(16) one can easily recover Helmholtz equation (1) by means of using first and second equations of (14) in the third and fourth equations.
Using the above notations boundary condition (2) equivalently writes:
At steady states ∂Q i (t, x)/∂t = 0, i = 1, 2, 3, 4 and hyperbolic system (4) is reduced to the following system of equations:
Inverse of A exist, since det(A) = λ 1 λ 2 λ 3 λ 4 and det(A) = 0 because of (7). Multiplying (18) on A −1 from the left yields:
At steady states Q does not depend on variable t and it depends on variable x only. Therefore (14) and (19) are in fact the same equations when ∂Q i (t, x)/∂t = 0, i = 1, 2, 3, 4 and (13) is also valid. For the same reasons boundary conditions (17) and (6) are equivalent when Q does not depend on variable t.
Thus we have shown that Helmholtz equation with impedance boundary conditions (1),(2) and hyperbolic system of partial differential equations with initial and boundary conditions (4)-(12) are equivalent to the same problem when ∂Q i (t, x)/∂t = 0, i = 1, 2, 3, 4 that concludes the proof. 
where r is Riemann invariant,
Riemann invariant r is smooth function, Λ, B r , F r do not depend on the variable t. Therefore for r ′ ≡ ∂r/∂t from (20)-(24) we obtain the following problem: 
From (28) and (27) we obtain (r
2 we obtain the following equation:
From (29), (27) and from r 
On account of (36) and (37) . From (38) obtaining stability and consistency is straightforward when using standard techniques for studying numerical schemes for first order hyperbolic partial differential equations.
Numerical tests
In the first numerical test considered here ∆x is kept constant and wavenumber k gradually increases from 10 to 10 5 . In the second numerical test k∆x is kept constant and ∆x decreases from 10 −1 to 10 −5 . We define exact solution of the problem (1),(2) by u(x) = sin(kx) + i2cos(kx) that implies f (x) = 0 in (1). Therefore F r = 0 and integral vanishes in (33), (34). Matrix exponentials present in these formulas are precomputed for k∆x = 1. Then for k∆x = m, m ∈ N, computation of matrix exponential is reduced to the multiplication of precomputed matrices. In hyperbolic model we set λ 1 = λ 2 = 1 and λ 3 = λ 4 = −1 that according to Theorem 2.2 means that steady state is reached at T = 2. This effect is also observed numerically in our tests. In the tables 1 and 2 the norms e 1,2 = max{ e 1 , e 2 }, e 3,4 = max{ e 3 , e 4 } are used for measuring the errors in numerical approximation of the function u and in its derivatives respectively. Numerical results show excellent computational potential of the developed numerical scheme. In particular the table 1 shows that for wavenumber k = 10 5 relative error ≈ 10 −3 can be obtained with just 11 nodal points in space and 20 time steps. Mesh refinement, see table 2, decreases the error further granting high accuracy when k∆x = 1. 3.434853e-03 3.441699e-03 1.757117e+03 6.882298e+02 Table 2 . Error e = q exact − q numeric , k∆x = 1, T = 2. 
